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We discuss the role of nonclassicality of quantum states as a necessary resource in deterministic
generation of multipartite entangled states. In particular for three bilinearly coupled modes of the
electromagnetic field, tuning of the coupling constants between the parties allows the total system
to evolve into both Bell and GHZ states only when one of the parties is initially prepared in a
nonclassical state. A superposition resource is then converted into an entanglement resource.
PACS numbers:03.67.-a, 03.65.Bz
I. INTRODUCTION
Undoubtedly state entanglement of multipartite sys-
tems is one of the most remarkable features of quantum
mechanics, with both fundamental and practical implica-
tions [1]. While performing a central role in discussions
of nonlocal correlations [2], it is also the basis for quan-
tum cryptography [3], teleportation [4] and dense cod-
ing [5]. Nowadays, the most accessible and controllable
source of entanglement arises from the process of sponta-
neous parametric down-conversion of photons in nonlin-
ear crystals [1,6]. Recently, experiments with trapped
ions have also demonstrated a high degree of control
on entanglement generation [7]. Technological improve-
ments on experiments involving atoms and cavity fields
in both optical [8] and microwave [9] frequency regions
may lead to new scenarios for entanglement experiments
involving massive particles in the near future. Progress
in this direction was already achieved in the generation
of atomic Eistein-Podolsky-Rosen (EPR) pairs [2,10] and
in the multiparticle entanglement engineering [11].
In quantum information theory, besides the challenge
to characterize and quantify the amount of entanglement
presented by multipartite systems (see e.g. [12]), there
is a recent effort on understanding the entanglement ca-
pability of quantum operations [13], and particularly the
entanglement capability of (deterministic) unitary evolu-
tions [14–16]. One of the main results of these investi-
gations was the dependence of the degree of determin-
istic entanglement formation with the initial conditions,
specially the available entanglement resource (the initial
entanglement before unitary evolution). Indeed, from a
different point of view, it was recently demonstrated that
it is only possible to entangle two light beams in a pas-
sive linear device (a beam splitter) if one of the input
beams is prepared in a nonclassical state [17–19]. Re-
mark that instead of the entanglement resource (the ini-
tially available entanglement) the separate party initial
state resource (nonclassicality of one of the light beams
state) played the role for entanglement formation.
For linear optics implementation of quantum informa-
tion processing, such as in [20], it would be valuable to
extend the above optical deterministic entanglement for-
mation to allow that an available nonclassical light source
be directly converted into an entanglement resource fol-
lowing the protocol: Let an uncorrelated three partite sys-
tem given by
|Ψ〉 = |A〉 ⊗ |B〉 ⊗ |C〉, (1)
where the normalized state of the party A is written as
a superposition |A〉 = ∑i αi|Ai〉. We want an unitary
evolution U mapping the superposition content of A to
an entanglement content of B + C, while leaving A un-
correlated,
∑
i
αi|Ai〉 ⊗ |B〉 ⊗ |C〉 −→ |A′〉 ⊗
∑
i
α′i|B′i〉 ⊗ |C′i〉, (2)
where now α′i ∝ αi are the Schmidt coefficients for the
B + C entangled state.
Throughout this paper we show the possibility to re-
alize the above entanglement protocol in optical devices
whenever a nonclassical light source is available. Partic-
ularly we show two optical implementations. One based
on fields coupling in nonlinear crystals and another based
on a beam-splitter arrangement. We begin in Sec. II re-
marking the ability to entangle light beams through bi-
linear operations. In Sec. III we focus our attention on a
system with an infinite dimensional Hilbert space, a three
mode linear bosonic system (linear equations of motion),
corresponding to a three partite continuous variable sys-
tem. In Sec. IV we discuss the role of nonclassicality
for the entanglement of the three modes. We assume the
modes initially uncorrelated. Classical states remain un-
correlated as time evolves. However with a truly quan-
tum resource or state (a superposition state) in one of
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the modes we show how (near maximal) entangled states
are formed (GHZ like). It is then possible to convert
the quantum resource (nonclassicality) from one mode
to the others entangling them in a Bell like state. The
mode with the initial quantum resource is left unentan-
gled following the protocol we addressed above.
II. ENTANGLING POWER OF BILINEAR
OPERATIONS
The essential question posed here is to the entangling
power of a bipartite unitary operation U given in terms of
linear Bogoliubov transformation maps- transformations
whose generator form a Lie algebra of the SU(2) group,
whose generators are of the form
1
2
(
ab† + a†b
)
,
i
2
(
ab† − a†b) , (3)
where a and b are annihilation operators for parties A
and B, respectively. Those transformations cannot map a
classical state into a nonclassical one. A bipartite bosonic
system under the above transformation, such as two light
beams on a beam-splitter [17,18], can only be entangled
if the state of, at least, one of the parties is nonclassical
[17–19]. As an example, let two uncorrelated light beams
A and B prepared in coherent states |α〉 and |β〉 be inci-
dent on the two arms of a beam splitter. Any coherent
state under this transformation evolves coherently and
so the states of the two output light beams Ao and Bo
are also uncorrelated |α′〉 and |β′〉. However, if one of
the states of A or B is a legitimate quantum state, i.e.,
a nonclassical state, then Ao and Bo will be left in an
entangled state [17–19]. Remark that this is not due to
the linearity of the transformation, since the same is not
valid for linear Bogoliubov transformations of the form
1
2
(
a†b† + ab
)
,
i
2
(
a†b† − ab) , (4)
which together with (3) form the algebra of the sympletic
group Sp(4,R) [21]. Hamiltonians of the kind of Eq.(4)
are well known to generate scaling transforms - stretching
and contractions in such a way to conserve the volume of
the phase space, known in quantum optics as squeezing
[22]. It is straightforward to show that this transforma-
tion map is able to entangle prepared in any initial classi-
cal state. On the other hand the generators of the SU(2)
group generates rotations in the system phase space.
While being impossible to entangle systems prepared
in classical states through linear Hamiltonians of the (3)
form, it is still possible to determine conditions for de-
terministic generation of entanglement when one of the
parties is prepared in a special quantum state. This is
quite useful as it allows one to understand how a ini-
tial one-party quantum state is converted in a N -parties
quantum state.
Applicative examples of interacting systems following
the Hamiltonian above are easily found in quantum op-
tics. It could describe the interaction between light
modes with distinct polarization [23], the interaction of
light fields and the motion of trapped atoms as in the
proposal of Parkins and Kimble [24], or even the inter-
action between the ionic motional degrees of freedom,
let us say, in the x, y and z directions, of a trapped ion
[25]. In what follows we give two possible implementa-
tions, describing the interaction of three electromagnetic
field modes in a nonlinear crystal [26], and three beams
interacting through beam splitters arrangement, such as
depicted in Fig.1. We will initially consider the general
problem for three modes on a nonlinear crystal and then
at the end we specify the results for beams splitter op-
erations, where the time dependence is appropriately re-
placed by transmission and reflection coefficients.
III. CONVERSION OF QUANTUM RESOURCES
IN A NONLINEAR CRYSTAL
We consider, as depicted in Fig. 1(a), a nonlinear crys-
tal where two classical pump fields of frequency ν and µ
are incident, each one suffering first a frequency conver-
sion into an idler and a probe field, and then the two
idlers are combined in an up-conversion process. Besides
presenting entanglement in frequency and polarization
as discussed in Ref. [26], this system also presents en-
tanglement in occupation number, as we discuss below.
By appropriately considering time ordering of the events
and photon momentum conservation we can represent
the interaction of the two quantum modes, A, B, and
C by an effective Hamiltonian. The interaction part for
the frequency conversion processes I and II is given by
e−iνtb†ib + e
iνtbib
† and e−iµtc†ic + e
iµtcic
†, respectively,
where b, c are the annihilation operators for the signal
modes and ν and µ are the classical pump fields fre-
quencies. The process III of up-conversion of the two
idler modes bi and ci is given by b
†
ic
†
ia + bicia
†. The
last full quantum Hamiltonian can be linearized assum-
ing bi = βi + δbi and ci = γi + δbi, where βi and γi
are the idlers c-numbers variables. By assuming only
terms at most linear in δbi and δci and neglecting a con-
stant pump −βγa+H.c effect, we arrive at the effective
Hamiltonian describing the interaction between the three
crystal output modes of EM field in the presence of the
two classical pumping as [26,27]
H = Hfree +HI (5)
where
Hfree = h¯ωaa
†a+ h¯ωbb
†b+ h¯ωcc
†c (6)
HI = h¯λ
[
e−i(νt−φ)a†b+ ei(νt−φ)ab†
]
+ h¯κ
[
e−i(µt−θ)a†c+ ei(µt−θ)ac†
]
. (7)
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Here the coupling parameters λ and κ incorporate the
pump amplitudes, the coupling between the EM-field and
the crystal, integrated over the crystal volume, and the
idler c-number functions βi and γi. φ and θ incorporate
phase of the above terms. This rotating wave interaction
is pictorially useful as it allows, as presented in [28] for
two modes, not only the transference of energy, but the
fully transference of state between the modes.
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Fig.1. Schematic setup for quantum resource conversion.
(a) Nonlinear crystal output modes a, b and c are cou-
pled by classical pump fields of frequency ν and µ in two
frequency conversion (I and II) and a up-conversion (III)
processes. (b)In a beam-splitter arrangement the con-
tent of the quantum state in the port a is converted into
entanglement content of output ports bo and co.
The Heisenberg equations of motion for the field oper-
ators are given by
a˙ = iωaa− iλei(Ωt+φ)b− iκei(Γt+θ)c
b˙ = iωbb− iλe−i(Ωt+φ)a (8)
c˙ = iωcc− iκe−i(Γt+θ)a,
where Ω ≡ ωa − ωb − ν and Γ ≡ ωa − ωc − µ. The equa-
tions of motion (8) are linear and hence easily solvable.
Choosing Ω = Γ (ωb + ν = ωc + µ) the solution for a(t),
b(t) and c(t) are
a(t) = e−iωat [u1(t)a(0) + v1(t)b(0) + w1(t)c(0)] (9)
b(t) = e−iωbt [u2(t)a(0) + v2(t)b(0) + w2(t)c(0)] (10)
c(t) = e−iωct [u3(t)a(0) + v3(t)b(0) + w3(t)c(0)] (11)
where a(0), b(0) and c(0) are the initial conditions for
the three modes. The time-dependent coefficients in the
above expression are given by
u1(t) = e
iΩt/2f∗(t) (12a)
v1(t) = −iλe
iφeiΩt/2
A
sin(At) (12b)
w1(t) = −iκe
iθeiΩt/2
A
sin(At) (12c)
u2(t) = −iλe
−iφe−iΩt/2
A
sin(At) (12d)
v2(t) = 1 +
λ2
κ2 + λ2
[
e−iΩt/2f(t)− 1
]
(12e)
w2(t) =
λκei(θ−φ)
κ2 + λ2
[
e−iΩt/2f(t)− 1
]
(12f)
u3(t) = −iκe
−iθe−iΩt/2
A
sin(At) (12g)
v3(t) =
λκe−i(θ−φ)
κ2 + λ2
[
e−iΩt/2f(t)− 1
]
(12h)
w3(t) = 1 +
κ2
κ2 + λ2
[
e−iΩt/2f(t)− 1
]
(12i)
where
f(t) =
[
cos(At) +
iΩ
2A
sin(At)
]
, (13a)
A =
√
Ω2 + 4(κ2 + λ2)/2. (13b)
Using these expressions for the time-dependent Heisen-
berg operators, it is possible via characteristic functions
to find expressions for the state vectors. The symmetric
form of the three modes characteristic function are given
by
χS(η, ζ, ξ, t) = TrABC
{
ρABC(0) exp
[
ηa†(t) + ζb†(t)
+ ξc†(t)− η∗a(t)− ζ∗b(t)− ξ∗c(t)]} (14)
where the RHS of the first (second) line stands for the
Schro¨dinger (Heisenberg) picture and ρABC is the den-
sity operator for the three-mode system. As the field
operators a(t), b(t) and c(t) (Heisenberg picture) depend
linearly on a(0), b(0) and c(0) (Schro¨dinger picture) we
now define for convenience new time-dependent functions
η¯ ≡ ηu∗1 + ζu∗2 + ξu∗3, (15)
ζ¯ ≡ ηv∗1 + ζv∗2 + ξv∗3 , (16)
ξ¯ ≡ ηw∗1 + ζw∗2 + ξw∗3 . (17)
IV. INITIAL CONDITION FOR THE
ENTANGLEMENT OF A THREE-PARTITE
BOSONIC SYSTEM
Before we move on with our discussion about the ini-
tial condition role for deterministic entanglement forma-
tion we give a brief review of three partite entanglement
classification as given by Du¨r et al [29], which we use ex-
tensively in what follows. Let us write down four possible
state configuration to which we will address later
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ρ(t) =
∑
i
|ai〉A 〈ai| ⊗ |bi〉B 〈bi| ⊗ |ci〉C 〈ci| (18)
ρ(t) =
∑
i
|ai〉A 〈ai| ⊗ |ψi〉BC 〈ψi| (19)
ρ(t) =
∑
i
|bi〉B 〈bi| ⊗ |ψi〉AC 〈ψi| (20)
ρ(t) =
∑
i
|ci〉B 〈ci| ⊗ |ψi〉AB 〈ψi| (21)
where,|ai〉, |bi〉 and |ci〉 are (unnormalized) states of sys-
tems A, B, and C, respectively, and |ψi〉 are states of
two systems. One can classify a three-partite state as:
The Class 1 (Fully inseparable states) is the one where
the states cannot be written in any of the above forms-
when the sate can be written in a state vector form. An
obvious example is the GHZ (|000〉 + |111〉)/√2, which
is a maximally entangled state of three qubits. The
Class 2 (1-qubit1 biseparable states) constitutes the one
where biseparable states with respect to one subsystem
are states that are separable with respect to one subsys-
tem, but non-separable with respect to the other two.
That is, states that can be written in the form (19) or
(20) or (21), but not in both of them, i e, exclusively.
The Class 3 (2-qubit biseparable states) relates to bisep-
arable states with respect only to two of the subsystems.
Those are states that can be written in two and only two
of the forms (19), (20) and (21). The Class 4 (3-qubit
separable states) are those that can be written in all of
the forms (19), (20) and (21), but not as (18). Finally
the Class 5 (fully separable states) is related to states
that can be written in the form (18).
Assuming that the initial joint density operator is fully
separable (class 5) [29],
ρABC(0) = ρA(0)⊗ ρB(0)⊗ ρC(0) , (22)
then the normal joint characteristic function (14) fac-
torises as
χN (η, ζ, ξ; t) = e
1
2
(|η|2+|ζ|2+|ξ|2)χS(η, ζ, ξ, t)
= e
1
2
(|η|2+|ζ|2+|ξ|2)χS(η¯, ζ¯, ξ¯, 0)
= χAN (η¯; 0) χ
B
N (ζ¯; 0) χ
C
N (ξ¯; 0) (23)
In the Fourier space the modes evolve in an apparent un-
correlated fashion. The actual correlations are due to the
temporal functions η¯, ζ¯ and ξ¯. To calculate the evolved
joint quantum state we must assume specific initial con-
ditions.
A. Coherent state
The first and simplest situation to consider is the case
where all the modes are initially prepared in coherent
states. Let us consider the three modes to be given by
the density operators
ρA(0) = |α〉 〈α| , ρB(0) = |β〉 〈β| , ρC(0) = |γ〉 〈γ| (24)
where α, β and γ are the amplitudes of the respective
coherent states. The normal ordered characteristic func-
tion (23) can be written as
χN (η, ζ, ξ; t) = e
ηx∗−η∗x+ζy∗−ζ∗y+ξz∗−ξ∗z, (25)
where
x = u1α+ v1β + w1γ
y = u2α+ v2β + w2γ (26)
z = u3α+ v3β + w3γ.
Comparing Eq. (25) with the expression for the normal
ordered characteristic function in the Schro¨dinger pic-
ture, it is straightforward to write the density operator
for the combined system as
ρABC(t) = |ΨABC(t)〉 〈ΨABC(t)| , (27)
where the joint state vector |ΨABC(t)〉 is given by
|ΨABC(t)〉 = |x〉A ⊗ |y〉B ⊗ |z〉C . (28)
This state vector simply shows that the three modes will
never become entangled. In fact they evolve as sepa-
rate coherent states. We started with a fully separable
quantum state and it evolved fully separable. The ampli-
tude of each of the coherent states does change, but not
its quantum signature. While these states may develop
classical correlations due to their interaction, to observe
quantum correlations such as entanglement requires spe-
cial conditions on the prepared states.
B. Superposition states and quantum resources
conversion
This example raises several interesting questions. In
what follows, we still assume that the three modes are
initially uncorrelated but we consider the initial state of
the mode A in a nonclassical state - a superposition of co-
herent states. Does the three modes remain uncorrelated
as the total system evolves? How is the information avail-
able in its state distributed over the other modes? To
begin this investigation let us describe the initial states
as
1Although the term qubit actually designates a superposition of a two-state system, we keep the original nomenclature, where
the term is associated to the state of a party with an arbitrary Hilbert space dimension.
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ρA(0) = |ψA〉 〈ψA| , ρB(0) = |β〉 〈β| , ρC(0) = |γ〉 〈γ| (29)
where mode A is in the coherent superposition state
|ψA〉 = 1
Nα
(|α〉+ eiΦ |−α〉) , (30)
with the normalisation factor Nα =
√
2 + 2 cosΦ e−2|α|2 .
For Φ = 0, pi/2, pi the superposition state given by (30)
is known as the even cat state (even coherent state) [30],
Yurke-Stoler cat state [31] and odd cat state (odd coher-
ent state) [30], respectively.
Now following the same steps as previously in the last
example, the final joint state of the three interacting
modes is given by
|ΨABC(t)〉 = 1
Nα
(|X1〉A ⊗ |Y1〉B ⊗ |Z1〉C
+ eiΦ |X2〉A ⊗ |Y2〉B ⊗ |Z2〉C
)
(31)
where
X1 = u1α+ v1β + w1γ, X2 = −u1α+ v1β + w1γ
Y1 = u2α+ v2β + w2γ, Y2 = −u2α+ v2β + w2γ
Z1 = u3α+ v3β + w3γ, Z2 = −u3α+ v3β + w3γ
In certain parameter regimes (namely |α| ≫ 1) we have
〈X1|X2〉 ≈ 0, 〈Y1|Y2〉 ≈ 0 and 〈Z1|Z2〉 ≈ 0. It can then
be seen that (31) is of the form of an approximate GHZ
state, and so it is also very close to be maximally entan-
gled (class 1) [29]. Such characteristics come from the
initial superposition nature of the mode A state.
The evolution of these modes is also very interesting
in other parameter regimes and at specific times. For
simplicity we are going to restrict ourselves to the case
in which Ω = 0 (ν = ωa − ωb and µ = ωa − ωc). For
t = 2npi/A, where n =0, 1, 2..., it is easily shown that the
joint state recurs to its initial uncorrelated form. Mode
A returns to a superposition state, while the modes B
and C are coherent states. No entanglement is seen for
such times. However for times given by
t =
(
n− 1
2
)
pi
A
n = 1, 2, 3, .. (32)
the final joint state of the interacting modes is given by
|ΨABC(t)〉 = 1
Nα
∣∣X¯〉
A
⊗ (|Y1〉B ⊗ |Z1〉C + eiΦ |Y2〉B ⊗ |Z2〉C) (33)
where X¯ = (X1 +X2)/2. Here it is clear that mode A is
in a coherent state and is definitely not entangled with
the modes B+C. The initial superposition state content
of the mode A is completely converted in to an entan-
glement content (Schmidt coefficient) of the couple BC.
The resulting state is a 1-qubit biseparable (class 2) en-
tangled state [29]. More specifically, when the modes B
and C are prepared in vacuum state and with Φ = 0, the
state of Eq. (33) is given by
|ΨABC(t)〉 = 1
2Nα+
|0〉A ⊗
(
N
λα/A
+ N
κα/A
+ |+〉B ⊗ |+〉C
+ N
λα/A
− N
κα/A
− |−〉B ⊗ |−〉C
)
(34)
where
|±〉B =
1
N
λα/A
±
(|λα/A〉 ± |−λα/A〉) (35)
|±〉C =
1
N
κα/A
±
(|κα/A〉 ± |−κα/A〉) . (36)
The couple B-C is in a truly nonseparable entanglement
of orthogonal states, independently of the magnitude of
α. In fact when mode A is traced out from Eq. (34), the
partite B+C system is left in a Bell state.
V. QUANTUM RESOURCE CONVERSION
WITH LINEAR OPTICAL DEVICES
Linear optical devices offer an interesting scenario for
entanglement manipulation due the efficiency of linear
processes over nonlinear ones. Whenever a nonclassical
light beam is available, it can be manipulated together
with other (classical) beams through linear devices in or-
der to achieve the required operation. In what follows we
discuss this situation for the realization of the proposed
protocol with three light beams and beam-splitters. Con-
sider the scheme of Fig. 1(b). The field with the quantum
content, (a), is incident on the beam splitter 1. The re-
flected (ar) and transmitted (at) beams are then mixed
in beam splitters 2 and 3 with the fields b and c, re-
spectively, to give the output beams ao, a
′
o, bo, and co,
through the beam-splitter transformations
at = T1a+R1v, ar = T1v +R1a
ao = T2at +R2b, bo = T2b+R2at
a′o = T3ar +R3c, co = T3c+R3ar,
where Tl = cosϕl is the complex transmission coefficient
of the beam-splitter l and Rl = i sin
2 ϕl is its reflection
coefficient, such that |Tl|1 + |Rl|2 = 1. v is an annihi-
lation operator representing the input vacuum mode at
beam-splitter 1. It is direct to show that if the a input
field is prepared in a superposition of coherent states as
|ψ〉 = ∑ cj |αj〉 while the fields b and c are prepared in
coherent states β and γ, respectively, the above beam-
splitter transformation will give
|ψ, 0, β, γ〉in⊗|0, 0, 0, 0〉out
→ |0, 0, 0, 0〉in ⊗
∑
j
cj |αoj , α′oj , βj , γj〉out, (37)
where we have used the {a, v, b, c} order for the input and
the {ao, a′o, bo, co} order for the output, and
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αoj ≡ αjT1T2 + βR2, (38)
α′oj ≡ αjR1T3 + γR3, (39)
βj ≡ αjT1R2 + βT2, (40)
γj ≡ αjR1R3 + γT3. (41)
If, for example we set ϕ2 = ϕ3 = pi/2, such that
R2 = R3 = i (T2 = T3 = 0), the output will be
|iβ〉ao ⊗ |iγ〉a′o ⊗
∑
j
cj |iT1αj , iR1αj+〉out, (42)
and the quantum resource conversion will be complete.
VI. CONCLUSION
In summary, we have discussed in this article the pos-
sibility of conversion of quantum resources for the deter-
ministic generation of multiparticle entangled systems.
We have considered two realization examples of three
bilinearly coupled modes of the electromagnetic field:
(i) through interactions in a non-linear crystal, and (ii)
through a beam-splitter arrangement. Without the pres-
ence of a quantum resource (nonclassical state) for one of
the three parties the resulting system remains completely
unentangled (but may become classically correlated). If
however one of the parties is initially prepared in a a non-
classical state, then this quantum resource can be trans-
ferred to the other parties. In fact a maximally entangled
GHZ (class 1) state for the three parties can be gener-
ated. As a central result the superposition resource has
been converted into an entanglement resource. More in-
teresting however is that this superposition resource for
party A can be transferred completely to an entangle-
ment resource for parties B and C only generating a class
2 state. Parties B and C are left in a maximally entangled
Bell state while party A is now an unentangled coherent
state. A slightly different parameter regime leaves par-
ties B and C strongly entangled to each other but weakly
entangled to A while other parameter regimes leave the
total system completely unentangled (class 5). This re-
sults indicate the importance of the nature of the initial
state when the modes are bilinearly coupled and how
the nonclassical nature of one parties initial state can be
shared or exchanged with other parties. A related inverse
problem is the generation of superposition states. It is
straightforward to deduce from the above discussion that
the generation of a superposition (nonclassical) state in
the mode A is possible, in principle, whenever this mode
interacts by the Hamiltonian here discussed and if the
two other modes B and C are prepared in a entangled
Bell state. It is interesting to notice how these two in-
trinsic characteristic of quantum systems, entanglement
and superposition states are then related, and that the
conservation of quantum information is the strong bond
that relates them. Throughout this paper we have con-
sidered only superposition of coherent states as our quan-
tum resource but any other genuine nonclassical states
(for instance Fock states) generate similar effects.
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